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SOLUTION OF THE PLANE MIXED PROBLEM OF THE THEORY OF ELASTICITY 

IN THE FORM OF A SERIES IN LEGENDRE POLYNOMIALS 

G. V. Ivanov UDC 539.3 

By using Legendre polynomials, it is possible to demonstrate a second procedure, differ- 
ent from those published in the literature [i, 2], for reducing the problem to the solution 
of an algebraic system or to the solution of a boundary-value problem for ordinary differen- 
tial equations. 

i. Formulation of the Problem. The plane mixed boundary-value problem of the theory 
of elasticity consists in finding the functions p, q, ~, u, and v satisfying the equations 

Op/Ox + O~/Oy § V~ = O, O~/Ox " Oq/Oy - -  :,.,. = O, 

p - -  aOu/Ox -- '~Ov/Oy = O, .q - -  a O v / O y -  ~Ou/O:c = (,, 

"c - -  p.(Ou/Oy q: Ov/Ox) : =  O, c~ = 2~t (t - -  .v)/(l - -  2v), v < t/2,  

= = ~ i ( l  - ~,) 

~t >0. 

within some region fi and taking on specified values on the boundary of the region. We shall 
confine ourselves to the case in which ~ is a square, Q = {x, yJx~[--1,1],y~[--~,~]}, and the 
boundary conditions are such that by a transformation of the desired functions the problem 
can be reduced to finding the functions p, q, T, u, and v satisfying the zero boundary condi- 

tions 

(pu )==e~  = (qv)~=i~  = ('w)==_+~ = (~u) , j=-~  = 0 (i.I) 

and the equations 

O p / O x  + o T l O y  + f l  = O, OT/OX + Oq/Oy + ]2 = O, 

p - -  aOu/Ox ,-- ~Ov/Oy + ]a = O, q - -  aOv/Oy - -  ~Ou/Ox + ]4 = O, 

--.~ (Ou~y + OvlO~ + I5 = O, 

w h e r e  t h e  ~ ( a = i  . . . . .  5) a r e  known f u n c t i o n s  w h i c h  a r e  q u a d r a t i c  s u m m a b l e  o v e r  ~ .  We a s -  
sume t h a t  i n  e a c h  o f  t h e  e q u a t i o n s  ( 1 . 1 )  o n e  o f  t h e  m u l t i p l i e d  f u n c t i o n s  i s  e q u a l  t o  z e r o  a l l  

a l o n g  o n e  s i d e  o f  t h e  s q u a r e .  

I f  i n  t h e  c a s e  o f  a d i s p l a c e m e n t  o f  t h e  s q u a r e  a s  an  a b s o l u t e l y  r i g i d  b o d y  

u = a @ o y ,  v =  b - - o x  
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(a, b, and m are constants) from the boundary condition (I.!) it does not follow that 

a = b = o~ = 0 ,  ( 1 . 2 )  

then we shall supplement the conditions (I.i) with those of the equations 

.f ~ = o, .I * e  = o, .f (=u - ~x) ~a  = o, ( 1 . 3 )  

which, together with the conditions (i.i), ensure that the equations (1.2) will be satisfied. 
In those cases in which we use any of the equations (1.3), the functions fl and f= cannot be 
arbitrary. We associate with the equations (1.3) the following equations: 

2 0 

hd9. = o, ~/~.de = o, .! (h~, - ~ : ) d e  o. (1.4) 

When we use any of the equations (1.3), the functions f l  and f~ must satisfy 
ing equations in (]..4). 

2. Approximate Solution. We write 

the correspond- 

n n ~ 

p~i P~Q~, ~ qhi P~Q~, 
h=0i=0 h=0 i=0 

n - - I  ' m + t  n + i  m - - i  

,~m = = T~i PhQi, T I E "~'~ nm n ~ Tnm nm 
X.~ "ghi Yh(~'i, 2 E Z 

h=0 i=0 h=0 i=0 

~t ' m - - t  7 t - - t  m 

= vh~ P~Qi, ~ F =  E V "" ,o = uhi P~Qi, =m V E nm ( 2 . 1 )  
k=0 i = O  h=0 i:0 

n r n + !  n + l  m 

uh~ P~Q~, vl = 
h = f f  i=0 h=0 i=0 

n + 2  m - - t  n - - t  m + 2  
7111~ = v~ PI~Q~, 

h=O i = O  h=O i = O  

w h e r e  n, m ~ t ;  ~ m  n m  n m  n m  ~ m  Phi ,qhr ,'~i,i ,m,i ,var a r e  c o n s t a n t s ;  Pk  = P k ( Y ) ,  Qi  = Q i ( x )  a r e  L e g e n d r e  p o l y -  
n o m i a l s  [ 3 ]  o r t h o g o n a l  i n  t h e  i n t e r v a l  [--  1 ,  1] ; a n d  k ,  i a r e  t h e  d e g r e e s  o f  t h e  p o l y n o m i a l s .  

We r e q u i r e  t h e  f u n c t i o n s  ( 2 . 1 )  t o  s a t i s f y  t h e  z e r o  b o u n d a r y  c o n d i t i o n s  

(Pnrnu?m)x=• = (qnmvnm~)y=-I = (~lnmlo2nm)x=~t = (%nraY-'2r'm)y=-I = 0 ( 2 . 2 )  

and the equations 

-g-f-x + Oy q-.fl PhQ~d~=O, k = 0 , 1  . . . . .  n, i = O , t , . . . , r a - - t ;  

f(&'~m 4 - @ ~ m + / ~ l P ~ Q ~ d f 2 = O , k = O , t  , n - - t  i = O , i ,  m; , _ : \ - F 7 ,  oy " '" ' " '" �9 

p,~m _ a---aT-x --  [3 -~y -k 1~ PhQidf~ = O, 

qnra __ O~ Og '- ~ -{- J4 P1,O~df2 = O, 

k = O, t ,  ..., n, i = 0 ,1 ,  ..., m; 

T2 -~\--~7-,.+--aT-xj~-h PuQidf~=O; k = O , l , 2  . . . .  , n q - l ,  i = O , l , 2 , . . . , m - - i ;  

![ 0< i "c~m--~t @ q- -Tjx ] + fa. PhQidf~ = O , k  =O,  l , 2 ,  . . . , n - -  l ,  i = O , J . , 2 , . . . , m - } - t .  

(2.3) 
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We assume that in each of the equations (2.2) one of the factors [the same one as in (I.i)] 
is zero over an entire side of the square. 

If the formulation of the problem contains any of the equations (1.3), then the system 
(2.2), (2.3) will be supplemented by the corresponding equations 

~ = 0, v ~ '  = o, " "  Ulo -- v ~  = 0 ( 2 . 4 )  

and we will eliminate from (2.3) those of the equations 

g\ ox q-"~--u -k-l~ Pjdf~=O, / = O , l ,  \--F~z - k ~ - b f ,  ) d ~  = O, 
t 

which are the consequence of the remaining equations of the system (2.2), (2.3), and the equa- 
tions (1.4). 

The equations (2.2), (2.3), together with the corresponding equations (2.4), form a 
closed system for the functions (2.1). The solution of this system will be called the approxi- 
mate solution. The tangential stress in the approximate solution can be calculated by the 
formula 

n + i  m - - |  n - - I  m + i  

h=O i=o  h=O i=rrt 

The function T nm satisfies the equations (2.3) if instead of T, nm, r2 nm we write xnm. The 
boundary conditions are approximately satisfied by r nm. 

3. Energy Property of the Approximate Solution. We assume that the approximate solu- 
tion exists. Makinguse of (2.2), (2.3), and the obvious equations of the type 

,; ~ u~mdf~ = J Oz 
p. P- 

we can find 

f ,~,~ nm 0 ~  ~ f~vo + & ' /lUo + Ox 
f~ 

/ Ou 2 ounm "r im  Ot,~m ~ ] 
+ I't ~ l  + ]5 [--Y'Y-- + Oy \ uU dQ--___Enm, ( 3 . 1 )  

where 

. (0~ . 0 ,  )2 

.4. E s t i m a t e  o f  D i s p l a c e m e n t s  Caused by D e f o r m a t i o n .  L e t  u be a f u n c t i o n  b e l o n g i n g  to  
L2(~)  and h a v i n g  a g e n e r a l i z e d  d e r i v a t i v e  ~u/~x b e l o n g i n g  to  L2(fl) [ 4 ] .  We d e n o t e  by  U k , i ,  
a k , i  t h e  F o u r i e r  c o e f f i c i e n t s  o f  t h e  f u n c t i o n s  u,  ~u/~x 

2 Ou 2 ah,~PkQ+ 
u "" h,~=o uk,~P~Q~, ~ ,.-, kj=o 

Making use of the property of Legendre polynomials [3] that 

d 
d-7 (Q~+~ -- Q~-O --(I + 2s)Q~, s = I, 2, .., (4.1) 
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we find that 

and, consequently, 

fi Ox p~ (Q~+~ - Q~_t)dD = (t + 2s) ~ uP~QflD,  

Obviously, 

and therefore 

u,.~ = [1/(2s--  t ) l a , , , _ ,  - -  I I / (2s-F 3)]a~,~+,, 
r = 0 ,  t , 2  . . . .  , s =  t , 2  . . . . .  

1 2 ~ : t ~ 1 2 t ~-~ t a 2 , 
2L ~-~--3 r,s+t ~ 2sur's % ar'~ + "2- ~_., ~ ar,s- t  + -5- =1 . S = |  =~ 

1 I l~ k--O 

In (4.2) and below, the symbol 1[ I] denotes the norm in L= (~). Making use 
the p o s i t i v e - d e f i n i t e n e s s  o f  t h e  i n t e g r a n d  i n  t h e  f u n c t i o n a l  G , ,  we f i n d  

(4.2) 

of (4.2) and 

In 

n i2 m 12< l l~m "~  nm m n m  - . ,  u~o p~ ~ ,,? - E ,,,,~ Q~ c a  (~T ~, v'~m). 
h = O  i ~ O  

(4.3) and below, the letter C denotes a constant independent of n and m. 

According to (4.1) , 

( 4 . 3 )  

(0"~ ~ ov~ TM ') __ __ = 
~ \ - ~ - y  -F -g-;- (Pr+i Pr-~)(Qs+l Q ._a)d~  

/ 

-- .( (t  + 2r) u'~mP. (O~+i - O._ , )  + (1 + 2s)v~'~O~ (Pr+j - Pr--i)] df~. 

s , r  1, 2, . . . .  

(4.4) 

We write 

Ou~,n OvUm n+l m+l 
- -  , -- bh,iPhO~. 

Oy Ox h = o  i = 0  

In (4.4) we set s - i, obtaining 

n m  t nm i nm t n m 
UrO - 2 r - - l b r - l ' ~ 1 7 6  5(2r--1) br--i'2 @ 

1 7 nm 1 n m  1 nm t n m  
+ 5 (2r +3) ~ -E- Ur2 2r-- t Vr--ll @ 2-7-r-r~3 Vr+ii, r = t , 2 ,  ..., 

and, consequently, 

nm~2  i -  t n m  nm~2  -" n m  2 I , {~ ,nm~2 1 
( u ? ~ + . o ,  j ~ T  u,~ + , ~ ,  j +2o(Vo,o) ~-(b~;~) ~ ~ - ~ o ; .  + T  (bi~) ~ , 

o t t n m ~ 2  i . .  t t nm o 

t uro j ~ E 5r-----------------~5 ( b';,'~ ) ~ T + T ~ ( "~ '~ + (br,~)- 7 ~ ,,~ ~ , ~ , , ]  
u~2 ) + T ~ ~ k v,.l )- |. r - -  r=0 -- . r = l  j 

From (4.3) and (4.5) we find 

(4.5) 

n 2 

nm 2" k~.~ 2 (u.,~ ' q- Voi ) ~ CE,.~, ~= UhO Ph ~ CE,~m.. (4.6) 
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In an analogous manner, we obtain the estimate 

n m  

i=2 Voi Qi ~< CE,.~. (4.7) 

From (4.3), (4.6), and (4.7) it follows that 

II ' II' tl t U~ ~m E wm _4_ u ? m _ _  nra 
- -  u~+o P++ vo~ Q~ 

h=O i =0 

Pot ) % CEnm. 

CE,.~, 
(4.8) 

Obviously, 

Un+liPn+IQ~ nm . tl ,+~ 11 ~ = 1/,+~" II ~ + E "" �9 un+2iPn+2Q, 
+ t1+=~ 

~'2 rim. 2n ~ nm ~ ;  + o, II >--II,~ ~'+'+< +'>~'`~ + ,~ u,++2,(2n + 3)P,++,Q+ 

Prom (4 .8 )  and (4 ,9)  i t  f o l l o w s  t h a t  

(4.9) 

I -+~ 4 ++,.~1t 2 - ~ -  
/t2 -~ou,+o+.+ll ~(+'lSnm+ (4.1o) 

In an analogous manner, we obtain the estimate 

II Jl' v~ m -  E v~P'+Q+ < CEnm,+ (4.11) 
i=O 

The inequalities (4.8), (4.10), and (4.11) give us an estimate in the approximate solu- 
tion for the deformation-caused displacements in terms of the energy of elastic deformation. 

From the proof of the inequalities (4.8) we can see that for any functions u, v~L2(~ ), 
which have generalized derivatives ~u/~x, 0~0y~L2(~) and a generalized sum of derivatives 
(Ou~g ~ Ov/Ox)E.L~(~), the following inequalities hold: 

u- -  ~. U~oP h -q- v vo~Ql ~ CE(u, v), (4 .12)  
k=O ' i:O - 

(ulo -}- Vol) ~ < CE (u, v), 

where 

, , ,  = +< '  + ' . '> . I -P,~+;- , :  +<' + 2~>.!" ~Q++'~; 
Q f~ 

E(u, v) = C~(u, v) + G+(., v). 

By the generalized sum of the derivatives 3u/~y + Dv/3x of the functions u, v we mean a func- 
tion ~EL2(~), for which the inequality 

is satisfied, where ~ is any function belonging to W21(~) which is equal to zero along the 
sides of the square [4]. 

5. Estimate for "Rigid" Displacement. Let T,, u,, and v, be functions which belong to 
W21(~) and satisfy the conditions 

@,~ , )~=~1  = ( q , v , ) y = ~ l  = ( ~ , v , ) ~ = §  = (~ ,u , )~=•  = O; ( 5 . 1 )  
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let p, and q, be functions which belong to L=(fl), have generalized derivatives 3p,/ 3 x, 
Oq,/ay~L2(~), and satisfy the conditions (5.1). We assume that in each of the equations 
(5.1) one of the factors [the same one as in (I.i)] vanishes along the entire side of the 
square. 

From ( 2 . 2 )  and (5.1) it follows that 

= v ,  =o, v, 

(I-+++.+ ++ o++, ;~ i ouuz -r--~vz -<r ,k - -bT§  a= ] j d f ~ = O .  

(5.2) 

Distinguishing in (5.2) the terms corresponding to the displacement of the square as an abso- 
lutely rigid body, we can write (5.2) in the form 

1 ! 

...... I" (p,)~=--iidy -v- u?~' ( . . . .  l d 
2t  "i 

t i 
~1 ?}t 

/';,0 t' ,,=i ~#I f y = ,  (q,)u=_~xdx = F+, ( q , ' , = _ l d x  + vo~ . . . .  

! 1 t 

f i" '7:'? l 7q??Z IT \ 2 ~ i  ;, .... ( kr,/,~=__ I ,  \u=i dx ~- Ul onto ~ (T,y)~--!i dx + Voo , t-*Jx=-a dy + 
�9 i _ i  - t  -i 

L 
nm " 

VOI j x = t  2_ (T,X)x=__idy = F3" 
--I 

(5 .3)  

In (5.3) the F i (i = i, 2, 3) depend on p,, q,, T,, the derivatives of these functions, and 
the displacements caused by the deformation. Therefore, the F i can be estimated in terms of 
the energy of elastic deformation, the norms of the functions p,, q,, T,, and the norms of 
their derivatives. 

Selecting the functions p,, q,, T, in an appropriate manner and making use of the second 
inequality in (4.8) and those of the equations (2.4) that we use for completing the system 
(2.2), (2.3), we can prove that the following inequality holds: 

n m  ~ p t . / 2  max {[u~r I, [ Ulo~ml, Iv~r t, [Vo, I} < - - - a m .  (5.4) 

In an analogous manner, making use of the inequalities (4.12), we find that 

~lax {bool, lulol, Ivool, Ivoll} ~ CE(u, v) (5.5) 

f o r  any  f u n c t i o n s  u, v~L2(Q), w h i c h  h a v e  g e n e r a l i z e d  d e r i v a t i v e s  Ou/Ox, Ov/ay ~ L2(~), and a 
g e n e r a l i z e d  sum of  d e r i v a t i v e s  ( 3 u / 3 y  + 3 v / 3 x )  ~ Le(~), and w h i c h  s a t i s f y  t h e  e q u a t i o n s  

~0~" u p ,  T ; )d f2  - 0 ,  a j'~Oy v -~  q,  ~ )  d~ - O, 

(5.6) 

and the equations in (1.3) that are used to supplement the conditions (I.i). In (5.5), Uko , 
Vko (k = 0, i) have the same meaning as in (4.12). 

6. Existence of an Approximate Solution. From (3.1), (4.8), (4.10), (4.11), (5.4), and 
(2.3)'we find that the zero solution of the homogeneous system of equations of the approxi- 
mate solution is unique and that, consequently, the determinant of this system is nonzero. 

7. Generalized Solution. From (3.1), (4.8), (4.10), (4.11), (5.4), and (2.3) it fol- 
lows that the norms in L2(fl) of the functions (2.1), of the derivatives 

Ou~ m Ov~ m 

a x  ' O y  
(7.1) 
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and of the sums of the derivatives 

Ou~ OvUm O P " ~  0 ~  OT~ Oq~m (7.2) 
- Oy ~ Ox ' Ox ~ Oy ' Ox ~ O~ 

are bounded uniformly with respect to n, m. Therefore, from any sequence of solutions (2.1) 
we can extract a sequence of solutions with numbers r, s that satisfies the following condi- 
tions: 

I) the sequence converges as r, s + ~ weakly in L2(~) [4], 

rS r~ u r $  r s  ~rS 
U0 , Ul , 2 ~ > U ~  T1 , 2 -->T~ 

rs rs Vr2 8 t~o , Vl , "-* V; prS._+ p; qrS__> q; 

2) the sequence of derivatives (7.1) converges weakly in L2 (~) 
rivatives [4] 

to the generalized de- 

Ou~" Ou Ova" Ov 
Ox > ~ ; Oy + Oy ' 

3) the sequence of sums of derivatives (7.2) converges to the generalized sums of de- 
rivatives 

Ou~ s Ov~ s Ou Ov OP ~s 0~2 s . Op O~ 
o.~ 4--'~-~--'bTu+~; az +-gb-u-"~ + - "  Oy ' 

OT TM Oq rs 
t 0"~ Oq 

o~ + gf-u + ~ + ~ �9 

From (2.3), by a passage to the limit as r, s § | we find 

f (Op o~ ) y lo~ ~q , ) 
�9 b-~F+~+/~ co,d~=O, o--y+~w-/~ co.,dQ=O, 
o Q 

rl 

fl 

(7.3) 

where a~ (k = i, ..., 5) are the derivatives of functions belonging to L2(~). 

From (2.2), (2.3), and (5.1) it follows that 

~ (p~S __~x + ~ rs Ou,~ _ ]~,S-, u , )  df2 = O ' 
Q 

~'~l ~ -4- qr, ~ __ 12 v ,]  dr2 = O, 
o 

k=0 ~=0 

(7.4) 

In (5.2) and (7.4) we pass to the 
v satisfy the equations (5.6) and 

limit as r, 
the equations 

~ (p OU,._~z _}_ ~.T.~ uou. _ /~u,)  dQ = O, 
Q 

i [ O r • O r "  ) ~ ~ ~ + q -~u -- f ~v , d~ = O. 

s § ~ and find that the functions p, q, T, u, 

(7.5) 
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Obviously, 

From (3.1) 

where 

i' u urS - -  v~s)] lira [ G l ( u - - u  rs, v - - v ( S ) + G , ~ ,  - -  2 ,  v 

and (7.6) it follows that 

= t im Er+--g(u,v)~O. ( 7 . 6 )  

O ( u ,  v) > E ( u ,  v), (7 .7 )  

S[ )] a~ a~ + aq~ a~ 

f l  

The f u n c t i o n s  p ,  q ,  r ,  u,  v s a t i s f y i n g  Eqs.  ( 5 . 6 ) ,  ( 7 . 3 ) ,  ( 7 . 5 ) ,  and t he  i n e q u a l i t y  
(7.7) form the generalized solution of the plane mixed problem of the theory of elasticity. 

If in (7.3), we set 

0% av, +gu, Ou, 
m3 = -~z ' (04 -~ -- (~ -~ 8y ' ~y Ox 

and make use  o f  ( 7 . 5 ) ,  we f i n d  t h a t  

2 0 ( u , ,  %) = E ( u ,  %) --  E(u - -  u , ,  v - -  %) + E(u, v). (7 .8 )  

Assume t h a t  among t he  f u n c t i o n s  p , ,  q , ,  ~ , ,  u , ,  v ,  t h e r e  a r e  some which s a t i s f y  t he  e q u a t i o n s  
( 7 . 3 )  and t h o s e  e q u a t i o n s  i n  (1 .3 )  wh ich  a r e  s u p p l e m e n t a r y  to  t he  c o n d i t i o n s  ( 1 . 1 ) .  S u b s t i -  
t u t i n g  t h e s e  f u n c t i o n s  i n t o  ( 7 . 3 ) ,  s e t t i n g  

(or = u, (02 = u, (03 = Ou/ax, (0~ = aulOg, (0~ = au/ag -6 ~u/Ox 

and making use  o f  ( 5 . 6 )  and ( 7 . 7 ) ,  we f i n d  t h a t  

2q)(u, v) ---- E(u,  v) -- E(u -- u , ,  v - -  v , )  ~ E ( u , ,  v,) > 2E(u, v). ( 7 .9 )  

From ( 7 . 8 )  and ( 7 . 9 )  i t  f o l l o w s  t h a t  

E ( u - -  u, ,  v - -  v,) = 0 .  (7.i0) 

According to (4.i2) and (5.5), Eq. (7.10) has only a zero solution~ 

Thus, if the plane mixed problem of the theory of elasticity has a sufficiently smooth 
solution, then it coincides [in the sense of L2(~)] with the generalized solution, and it 
does so uniquely. From the uniqueness of the solution it follows that the entire sequence of 
solutions (2.1) converges to it weakly as m, n § co. 

8. Reduction of the Problem to a Sequence of Boundary-Value Problems for Ordinary Dif- 
ferential Equations. We write 

n /% , 11.--1 

= = T h P h +  qhPh, N+~ n PhPh~ E n Tn 
h = O  h = O  k ~ O  

.. n +  1 , n . n + 2  
+~P++, = = u+~ph, = u ~ P ~ ,  

h = 0  h = 0  h = 0  
(8. l )  

n+l n--I �9 ~z " 

-~- ~- UhPh, Un E UkPk, Un E ++'+ 
, k = 0  h ~ O  

n 
where  p~, q~, x~, u~, vh a r e  f u n c t i o n s  o f  x;  t h e  Pk ; Pk(Y) a r e  Legendre  p o l y n o m i a l s ;  and k i s  
the degree of the polynomial. 

The a p p r o x i m a t e  s o l u t i o n  o f  t h e  p l a n e  mixed p r o b l e m  o f  t h e  t h o e r y  o f  e l a s t i c i t y  w i l l  be 
sought in the form of functions (8.1) satisfying the boundary conditions 
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*'a gl. ~ ,o. (p,,u,,)~=+~ = (p~,,~)~=_+, ' ~ "  = k  hVh)x=:t:t=O, k = O , t , . . . ,  a - - t ,  

(8.2) 

(8.3) 

and the equations 

i t 

C ) ) 5 "a o~; {e~'. , 0% P,,dU -~ -~-~ +--gf-~j +I?  Ph~u=O, -~ k-~-~ T--g~-~ +1~ -~ 

t 

S( < < ) p , ~ - - a - - ~ z - - ~ - b ~ z j + ] ' ~  Phdg = O, 
- - 1  

i 

S( < ) 
- - t  

1 

k - - O ,  1 , 2 , . . . ,  
! 

--1 x ' ~ - - t t \  ay ' ax ] q- fs P i d g - - O ,  

i : : :0 ,  t , . . . ,  n - - t ,  

=o, 

(8.4) 

where fo r is a segment of the series 

1 

!~ = .t~kPk, /"~ = -2" 
h = O  

- - 1  

We assume that in each of the equations (8.2) one of the factors [the same one as in (I.i)] 
vanishes all along a side of the square. 

If the formulation of the problem contains any of the equations (1.3), then the system 
(8.2), (8.4) is supplemented with the corresponding equations 

t i 1 

y ~;ex = o 2 v~ex = o S ( ~ -  3v~x) dx 
- - i  - - t  - - t  

= o .  (8.5) 

Since the functions ~x nm, x= nm, qnm, u=nm and the derivatiyes (7.1), (7.2) have norms 
which are uniformly bounded with respect to m, n, it follows that for fixed n the norms of 
the derivatives 

& ' ~  apn,,, aq,~m a,'~ m Ou;,'~ Or; m 

Og ' Ox ' "  Og ~ Ox ' Og ' Ox 

will be bounded uniformly with respect to m. Therefore, from the solutions (2.1) we can form 
the subsequences 

t n S  rs ~ $  tt Tfl~S r 
u~S, u'~S --+ u,~; u2 --+ u . ;  p'~S --+ p . ;  v'~8, v~ "-+ Vn; --+ Vn; 

ns " ~s ---->- " .  Op TM ~ OPn Oq TM 0 %  
qn~-+q.;  zi  --+ zn ;xe  "Cn' -~-x -~-x ; ~y -+'3yU ; 

ay - +  ~- f  ; o-T ~ b;-x ; oy - +  o~ ; o--7 -+-~-x 

which  c o n v e r g e  w e a k l y  i n  L= (fl) f o r  f i x e d  n as  s + =. 
equations 

(8.6) 

The limit functions will satisfy the 
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\ o~ + ~  

f / o <  

Ou' n Or' n k 
! ( p , ~ - ~ - ~  o, 

q n - - a ~ - - ~  + / 2  Pkq>4d~----O, 

(8.7) 

S[ (ou: t ] ~r:--~ ~ + ox ] +' ]'~+~ P u % d Q = O , k = _ O , t  . . . . .  
Q 

./. - ~ \--~y + -g-x ) + A P ~ d e  = O, i = O , t  ..... n - - l ,  

where  ~ = cpr(x) ( r = 1 , 2 ,  . . o ,  6) a r e  a r b i t r a r y  f u n c t i o n s  and b e l o n g  t o  L 2 [ - - 1 ,  1]o 

We d e n o t e  by  S .  t h e  s e t  o f  c o n t i n u o u s  and c o n t i n u o u s l y  d i f f e r e n t i a b l e  f u n c t i o n s  
�9 , ,  , , ,  r - 

"c.,'c, u.,  u~, v., v., which  s a t i s f y  t h e  c o n d i t i o n s  

(p ,~ ; )~=•  = ( q , < ) ~ = •  _ ( < , ; ) ~ _ ~ ,  = ( < < ) ~ = •  - o. 

P,~ q,,  

(8.8) 

We assume that in each of the equations (8.8) 
vanishes all along a side of the square. 

We denote by S** the set of functions 

one of the factors [the same one as in (i,i)] 

(8.9) 

which satisfy the equations 

Op** u'~ -}- p** d~ = O, -r- 

( < . . . .  o<~ (o<.<, ,, < 

\ ox u ~  -? p .  "-gY-~ / d Q  = O, ~ oy v~  § q. oy j dP. = O, 
d 

r .<.1 o,1 o.) 

(8.?0) 

where p . ,  q.,  ~:, z : , u : , u  2,v:,v: are any 
tions (8.9) have the quadratic summable 

The approximate solution (2.1) belongs to S,. 
(8.10) and passing to the limit as s § ~, we find 
(8.6) satisfy the equations 

functions belonging to S,. We assume that the func- 
generalized derivatives which appear in (8.10). 

Substituting the functions (2.1) into 
that the limit functions of the subsequences 

-~x u~ q- p** -g~x ] dQ - 0 ,  v~ + q** 5-.~/ j df~ =-0, 

~-.-~z vn + T'~. Ox / d~ = O, k--g-~-y un + "c:~ -g~/ / df~ = O, 
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f~ f~ 

( o , ; , .  �9 ooL  . .oC,  
 a:o, 

Q 

(8.11) 

where p**, q**, ..., v**" are any functions belonging to S**. 

The functions (8.1) satisfying the equations (8.7), (8.11) form the generalized solution 
of the boundary-value problem for Eqs. (8.2), (8.4) with the boundary conditions (8.3). 

Assume that the problem of Eqs. (8.2) and (8.4), with the conditions (8.3), has two gen- 
eralized solutions. Let 

~ ~ C ,  ..o ,,:o, ( 8 . 1 2 )  

be the differences of these solutions. Since S, ~ S**, it follows from (8.11) that the 
function (8.12) belongs to S**. If in (8.11) we substitute for p**, q** .... , v**" , Pn, 
qn, .... Vn" the corresponding functions (8.12) andmake use of the fact that the functions (8.12) 
satisfy the equations (8.7) for fa r = 0, ~ = i, 2, .... 6 we find that 

'0  / "0 "0 \ (7, ( t~  ~ v,, ) -~ G., ~,un, v,L ) -- 0. ( 8 . 1 3 )  

Obviously the functions (8.12) satisfy the inequalities obtained when we replace the func- 
tions (2.1) in (4.8), (4.10), (4.11), and (5.4) with the functions (8.12). From these in- 
equalities and (8.13) it follows that the generalized solution of the problem for Eqs. (8.2) 
and (8.4) with the conditions (8.3) is unique. From the uniqueness of the solution it fol- 
lows that the entire sequence of solutions (2. i) converges to it weakly in L2 (~) for fixed 
n as m§ 

If the plane mixed problem of the theory of elasticity has a sufficiently smooth solu- 
tion, then the entire sequence of generalized solutions of Eqs. (8.2), (8.4) with the condi- 
tions (8.3) Converges to it weakly in L2(~) as n § ~. The proof is analogous to the proofof 
the convergence of the solutions (2.1). 

The author is grateful to S. N. Antontsev and A. V. Kazhikhov for their interest, advice, 
and comments on this work while it was in progress. 
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